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1. Introduction

A remarkable development in the field of string theory is the celebrated string theory-gauge

theory duality, which relates the spectrum of free string on AdS5×S5 with that of operator

dimension of N = 4 super Yang-Mills (SYM) in planar limit. Determining this spectrum

is an interesting and challenging problem. Recently it has been realized that this problem

of counting the operators in gauge theory has an elegant formulation in terms of integrable

spin chain [1 – 7]. In the dual formulation, the string theory has also integrable structure in

the semiclassical limit. Recently Hofman and Maldacena (HM) considered a special limit

where the problem of determining the spectrum on both sides simplifies considerably [8]. In

this limit the ’t Hooft coupling λ is held fixed allowing for a direct interpolation between the

gauge theory (λ ≪ 1) and string theory (λ ≫ 1) and the energy E (or conformal dimension

∆ = E) and a U(1) R-charge J both become infinite with the difference E − J held fixed.

The spectrum consists of elementary excitations known as magnons that propagates with

a conserved momentum p along the long spin chain [8].1 These magnon excitations satisfy

a dispersion relation of the type (in the large ’t Hooft limit (λ))

E − J =

√
λ

π

∣

∣

∣
sin

p

2

∣

∣

∣
. (1.1)

A more general type of solution are the ones rotating in AdS5, one of which is the spiky

string [19] which describes the higher twist operators from field theory view point. Giant

magnon solutions can be seen as a special limit of such spiky strings with shorter wave-

length. Several papers [20 – 34] have been devoted in studying the gauge theory and string

theory side of this interesting rotating solutions in AdS space and on the sphere. Hence

1for more work on related topic see for example [9 – 18]
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it is very important to find out more general class of rotating and pulsating strings in

AdS3× S3 background and look for possible dual operators in the gauge theory. Because

the complete understanding of the gauge theory operators corresponding to the semi clas-

sical string states is still lacking, it seems reasonable to find out the string states first and

then look for possible operators in the dual side.

In this paper we study few examples of spike solutions for strings in AdS3× S3 back-

ground in an attempt to study the string spectrum and the other elementary string states

further. The AdS3× S3 spacetime has been studied by using the SL(2, R) × SU(2) Wess-

Zumino-Witten model. In the study of D-branes on this group manifold, one needs the

mechanism of ‘flux stabilisation’ which ensures the stability of these branes against the

collapse of the sphere. This has opened up a new window for the understanding of strings

and branes in AdS space in the past. Our interest is whether one could find out any rotat-

ing string solution that looks like a spike and/or magnon in this background. As we will

show in what follows that there exist such a solution, which modifies the relation between

various conserved charges of the spike solution in a very natural way. Our next example

is the spike solution in a Melvin deformed AdS3× S3 background, and we will show that

in the limit of small deformation parameter, to the leading order, the energy Vs height

of spike, relationship gets corrections even at the lowest order in λ. Finally we present

an interesting example of elementary string solution with one spin along AdS3 and two

angular momenta along S3. We find a parameter space of configurations which admit two

interesting classes of solution. One of them is a classical circular string on AdS3 with the

infinite spin S and at the same time, the giant magnon on S3 with the finite angular mo-

mentum. The other is a helical string which has the same configuration with the circular

string on the sphere but becomes an array of the spikes on AdS3. We will show that these

two solutions satisfy similar dispersion relation with two parameters, the velocity of the

string v and the winding number w̃. In the absence of an exact expression for energy, we

will write a perturbative expansion form of the dispersion relation and give the physical

meaning of this solution. For the helical string case, we will find the dispersion relation for

a single spike which is one segment of the helical string.

The rest of the paper is organized as follows. In section 2, we calculate the energy

and momentum of a spike on a two sphere with a constant background NS-NS Bµν field.

We have shown that for the rigidly rotating string of the two sphere, in the background

of constant NS-NS B-field, there exists two limiting cases of interest. First one is the

known magnon solution studied in [35, 36]. The second one is the single spike solution that

generalizes of the single spike solution on R×S2 found in [20]. We compute its energy E

and angular momentum J and a function of θ̄ (the height of the spike) and the constant

background field. Section 3 is devoted to the study of spike like solution in the magnetic

Melvin deformed AdS3× S3, where we constrain the motion of the string along R×S3 only.

In the small deformation parameter, we show that the relationship between the angular

momenta and the height of the spike, which is a generalization of the result obtained

in [20]. In section 4 we calculate the example of multi spin spike solution in the AdS3×
S3 background with two angular momenta along S3 and a spin along AdS3. We find two

classes of solution of particular interest and the dispersion relation for each. These multi-
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spin solutions can be reinterpreted as a generalization of the giant magnon on S2 with other

spins and have different shapes on the AdS space. Finally in section 5, we conclude with

some remarks.

2. Spike on R×S2 with a background NS-NS B field

As a first example we will show the existence of a single spike solution of the string around

R×S2 with a background NS-NS B field. We will show that for the string rotating around

the rigid sphere in the background of B field, there exists two interesting solution. The

first one is a magnon solution found in [35], and the second one is a single spike solution

which generalizes the results of [20] can be obtained from two different limits of the same

solution. As explained in [37], the NS-NS background field has been used for the purpose

of stability of the size of the sphere against its shrinking to zero size. The metric and the

background NS-NS flux field is given by

ds2 = −dt2 + dθ2 + sin2 θdφ2, Bθφ = B sin θ (2.1)

We are interested in finding out the classical rotating string solution around this geometry.

To do so, as usual the starting point is to write down the Polyakov form of the action

S = −
√

λ

4π

∫ π

−π
dσdτ

[√−γγαβgMN∂αxM∂βxN − eαβ∂αxM∂βxNBMN

]

(2.2)

and where γαβ is world-sheet metric and eαβ is the anti symmetric tensor defined as

e01 = −e10 = 1. Finally, the modes xM ,M = 1, . . . , 9 parameterize the embedding of

the string in the background. The equations of motion derived by the above action has to

be supplemented by the following Virasoro constraints

gMN

(

∂σxM∂σxN + ∂τx
M∂τx

N
)

= 0

gMN∂σxM∂τx
N = 0 (2.3)

We consider a spike string in the following worldsheet parametrization

t = κτ, θ = θ(y), φ = ωτ + φ̃(y). (2.4)

where y = ασ + βτ . With this the Virasoro constraints take the form

θ̇θ′ + sin2 θφ̇φ′ = 0

−(ṫ2 + t′
2
) + θ̇2 + θ′

2
+ sin2 θ(φ̇2 + φ′2) = 0 (2.5)

The next step is to use the above ansatz in the equations of motion2 and using Virasoro

constraints one can obtain

φ̃′ =
1

(α2 − β2)

(

βω − βκ2

ωsin2 θ

)

(2.6)

θ′
2

=
sin2 θ

(α2 − β2)2

(

α2 − β2κ2

ω2 sin2 θ

)(

κ2

sin2 θ
− ω2

)

. (2.7)

2one can check that with the choice of the B- field in eq. (2.1), its contribution to the equations of

motion cancel among each other.
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In order to find spike like solutions, let us define

sin θ0 =
βκ

αω
, sin θ1 =

κ

ω
. (2.8)

So now using these definitions one can rewrite the above equations as follows

φ̃′ =
βω

(α2 − β2) sin2 θ

(

sin2 θ − sin2 θ1

)

(2.9)

and

θ′ =
ωα

(α2 − β2) sin θ

√

(sin2 θ0 − sin2 θ)(sin2 θ − sin2 θ1). (2.10)

The two conserved quantities, namely the total energy and angular momentum are defined

as

E = 2T
κ

α

∫ θ1

θ0

dθ

θ′
(2.11)

J = 2
T

α

∫ θ1

θ0

dθ

θ′
(sin2 θφ̇ + Bθφθ′). (2.12)

Now we will consider two limits will define the giant magnon and the single spike around

this R×S2.

1. For giant magnon we put sin2 θ1 = 1, which implies that

E − J = 2T (1 + B) cos θ0,

∆φ =

∫ π/2

θ0

dθ

θ′
φ̃′ = 2arcsin(cos θ0) = π − 2θ0, (2.13)

so the giant magnon dispersion relation as mentioned in [35] can be evaluated as

E − J = 2T (1 + B) cos θ0 =

√
λ

π
(1 + B) sin

∆φ

2
. (2.14)

Note that the dispersion relation gets modified due to presence of B field [35].

2. For the single spike solution, we consider the opposite limit sin2 θ0 = 1. This implies that

J = 2
T

α

∫ θ1

π/2

dθ

θ′
(sin2 θφ̇ + Bθφθ′). (2.15)

One can evaluate the above integral and obtain

J = 2T (1 + B) cos θ1 =

√
λ

π
(1 + B) cos θ1. (2.16)

Hence one can show that

E − T∆φ =

√
λ

π

(π

2
− θ1

)

. (2.17)
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Now the height of the spike can be defined as

θ̄ =
(π

2
− θ1

)

(2.18)

As usual the energy of the spike can be defined as

∆ = (E − T∆φ) − J =

√
λ

π
(θ̄ − (1 + B) sin θ̄). (2.19)

Notice that this relationship also gets a correction due to the presence of the background B

field. Putting B = 0, we get the result derived in [20]. The generalization of this solution

by adding one more angular momentum to get a solution on R×S3 is straightforward. We

however leave this as an exercise for the readers.

3. Rotating string on the Melvin deformed AdS3× S3

Recently, the rotating string with spin along various directions of S5 was investigated by

many authors in the AdS5× S5 background [20, 36, 40, 25]. As mentioned earlier, the

rotating string appears as a magnon solution which is a smooth configuration or a spike so-

lution with cusp. Here, we will consider a string rotating on S3 of the Melvin field deformed

AdS3× S3 background (see [20] for the rigidly rotating string on S3 with no deformation).

The relevant metric on R×S3 with such a deformation is given by [36]

ds2 =
√

1 + B2 cos2 θ

(

−dt2 + dθ2 + sin2 θdφ2 +
cos2 θ

1 + B2 cos2 θ
dχ2

)

(3.1)

On this background, the string is rotating in two direction, φ and χ, is described by the

Nambu-Goto action

S = T

∫

d2σL = T

∫

d2σ
√

(∂σX · ∂τX)2 − (∂σX)2(∂τX)2. (3.2)

The equations of motion of this system are

∂σ
∂L
∂t′

+ ∂τ
∂L
∂ṫ

=
∂L
∂t

∂σ
∂L
∂θ′

+ ∂τ
∂L
∂θ̇

=
∂L
∂θ

∂σ
∂L
∂φ′ + ∂τ

∂L
∂φ̇

=
∂L
∂φ

∂σ
∂L
∂χ′ + ∂τ

∂L
∂χ̇

=
∂L
∂χ

, (3.3)

where · or ′ means the derivative with respect to τ or σ, respectively. We choose the

following parametrization,

t = κτ, θ = θ(σ), φ = ω1τ + σ, χ = χ(σ) + ω2τ (3.4)

the first and the third equations of motion reduce the following forms

∂L
∂t′

= c1,
∂L
∂φ′ = c2, (3.5)

– 5 –
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where c1 and c2 are arbitrary constants.

From these equations with two integration constants, we can obtain

χ′(σ) =

{

κ(c1κ − c2ω1) + (B2κ(c1κ − c2ω1) − c1ω
2
2) cos2 θ

}

tan2 θ

ω2
1 sin2 θ − κ2

. (3.6)

For θ = π/2, χ′ becomes singular so that we choose the integration constants to cancel

this singularity. If two constants satisfy (c1κ− c2ω1) = 0, then χ′ is not singular any more.

From now on, we choose c1 = ω1 and c2 = κ for simplicity. Using these fixed integration

constants, the equations for χ′(σ) and θ′(σ) reduced to3

χ′(σ) =
ω1ω2 sin2 θ

ω2
1 sin2 θ − κ2

,

θ′(σ) =
κ sin θ cos θ

√

(ω2
1 − ω2

2) sin2 θ − κ2 − B2 sin2 θ(ω2
1 sin2 θ − κ2)

ω2
1 sin2 θ − κ2

. (3.7)

At the fixed time, the string configuration is determined from the above equations.

From now on, we consider the string configuration in the (φ,θ) space in the small B

limit. Note that the second equation in eq. (3.7) is meaningful only when the inside of the

square root becomes a non-negative value, which gives a constraint to the range of θ.

The exact positive values of sin θ making the square root zero are

sin θ =

√

ω2
1 − ω2

2 + B2κ2 ±
√

(ω2
1 − ω2

2 + B2κ2)2 − 4κ2B2ω2
1

2B2ω2
1

. (3.8)

Assuming that B2 ≪ ω2
1 − ω2

2 and ω2
1 − ω2

2 > κ2, then the range of sin θ making the inside

of the square root a non-negative value is given by sin θmin ≤ sin θ ≤ sin θmax where

sin θmin =
κ

√

ω2
1 − ω2

2

(

1 +
κ2ω2

2B
2

2(ω2
1 − ω2

2)
2

)

+ O(B4)

≡ sin θ0 +
κ3ω2

2B
2

2(ω2
1 − ω2

2)
5/2

+ O(B4),

sin θmax =

√

ω2
1 − ω2

2

Bω1

(

1 − κ2ω2
2B

2

2(ω2
1 − ω2

2)
2

+ O(B4)

)

, (3.9)

where we set sin θ0 = κ√
ω2

1
−ω2

2

which is the minimum value in the case B = 0. Due to the

above assumption, sin θmax is always greater than 1, so the relevant range of sin θ becomes

sin θmin ≤ sin θ ≤ 1. In eq. (3.7), θ′ has a singularity at sin θ =
√

κ/ω1 which corresponds

to the peak of the spike solution. Since
√

κ/ω1 < sin θmin, this singular point is always

located at the outside of the relevant range of θ, which implies that there is no spike solution

in the assumed parameter region.4

3The second order differential equations for χ and for θ are very complicated indeed. Hence we first

solve the first and third equation in (3.3) and then use that to write the first order equations for χ and θ.

We have checked that they all are consistent with each other. A similar analysis was presented in [20].
4see a comment on the similarity between the giant magnon and the spike solution with two angular

momenta in [20]
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Note that since φ′ = 1 from the eq. (3.4), θ′ is equivalent to ∂θ
∂φ . At two boundary

values of θ, θmin and π/2, θ′ is zero, so we can identify these two points with the top and

the bottom of the giant magnon. In addition, in the (χ, θ) space we can also find a similar

string configuration using the ∂θ
∂χ equation

∂θ

∂χ
=

κ cos θ
√

(ω2
1 − ω2

2) sin2 θ − κ2 − B2 sin2 θ(ω2
1 sin2 θ − κ2)

ω1ω2 sin θ
. (3.10)

As a result, the macroscopic string found here is a giant magnon in both φ and χ directions.

The energy of this giant magnon is given by

E=2T

∫ θ1

θ0

dθ

θ′
∂L
∂ṫ

=2T

∫ θ1

θ0

dθ
(ω2

1−κ2−B2κ2 cos2 θ) tan θ

κ
√

(ω2
1−ω2

2) sin2 θ−κ2−B2 sin2 θ(ω2
1 sin2 θ−κ2)

, (3.11)

where θ1 = π/2 and θ0 = θmin and the first angular momentum in the φ direction is

J1 =2T

∫ θ1

θ0

dθ

θ′
∂L
∂φ̇

=2T

∫ θ1

θ0

dθ
ω1 cos θ sin θ(1 − B2 sin2 θ)

√

(ω2
1−ω2

2) sin2 θ−κ2−B2 sin2 θ(ω2
1 sin2 θ−κ2)

. (3.12)

The last conserved quantity is the second angular momentum in the χ direction given by

J2 =2T

∫ θ1

θ0

dθ

θ′
∂L
∂χ̇

=2T

∫ θ1

θ0

dθ
ω2 cos θ sin θ

√

(ω2
1−ω2

2) sin2 θ−κ2−B2 sin2 θ(ω2
1 sin2 θ−κ2)

. (3.13)

The difference in angle between two bottoms (or top) of the giant magnon, corresponding

to the size of the giant magnon, becomes

∆Θ=2

∫ θ1

θ0

dθ

θ′
=2

∫ θ1

θ0

dθ
ω2

1 sin2 θ − κ2

κ sin θ cos θ
√

(ω2
1−ω2

2) sin2 θ−κ2−B2 sin2 θ(ω2
1 sin2 θ−κ2)

. (3.14)

Using this, the integration of E − T∆Θ in this small B limit becomes

E − T∆Θ ≈ 2T

{

θ̄ − κ̄ sin γB

2 cos2 γ

}

, (3.15)

where θ̄ = π
2 −θ0, κ̄ = κ

ω1
and sin γ = ω2

ω1
. Two angular momentums, J1 and J2 are given by

J1 ≈ 2T

{

1

cos γ
sin θ̄ − κ̄2 sin γB

2 cos4 γ

}

,

J2 ≈ 2T

{

sin γ

cos γ
sin θ̄ − κ̄2 sin2 γB

2 cos4 γ

}

. (3.16)

When B = 0, all conserved quantities are reduced to those on the undeformed S3 [20].

J2
1 ≈ J2

2 +
λ

π2
sin2 θ̄ − λ

π2

κ̄2 sin γ sin θ̄

cos3 γ
B (3.17)

Again in B = 0 limit it reduces to the result obtained in [20] for the three sphere case.
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4. Three-spin spiky string on AdS3 × S3

Here, we consider a three-spin string solution in AdS3× S5 which has one spin S in AdS3

and two spins J1 and J2 in S3. In [40], the three-spin giant magnon in the special parameter

region was investigated in the same background. In this section, we will consider a different

solution in the different parameter region which is not smoothly connected with the case

in ref. [40].

Now, we consider the relevant metric of AdS3× S3 as a subspace of AdS5× S5

ds2 = − cosh2 ρdt2 + dρ2 + sinh2 ρdφ2 + dθ2 + cos2 θdφ2
1 + sin2 θdφ2

2 . (4.1)

In the conformal gauge, the Polyakov string action is given by

I = −
√

λ

4π

∫

d2σ
[

− cosh2 ρ (t′
2 − ṫ2) + ρ′

2 − ρ̇2 + sinh2 ρ (φ′2 − φ̇2)

+ (θ′
2 − θ̇2) + cos2 θ (φ′

1
2 − φ̇1

2
) + sin2 θ (φ′

2
2 − φ̇2

2
)
]

, (4.2)

where dot and prime denote the derivatives with respect to τ and σ respectively. Now, we

choose the following parametrization for a rotating string in the above background

t = τ + h1(y), ρ = ρ(y), φ = w(τ + h2(y)),

φ1 = τ + g1(y), θ = θ(y), φ2 = w̃(τ + g2(y)), (4.3)

where y = σ − vτ .

After introducing the appropriate integration constants, the equations of motion for

the S3 part are reduced to

∂yg1 =
v

1 − v2
tan2 θ,

∂yg2 = − v

1 − v2
,

∂yθ =
sin θ

(1 − v2) cos θ

√

(1 − w̃2) cos2 θ − v2. (4.4)

For the consistency, θ should run from 0 to θmax = arccos v√
1−w̃2

, when 1 − w̃2 > v2. The

solution of the last equation is given by

sin θ =
α

cosh βy
, (4.5)

where α =
√

1−v2−w̃2

1−w̃2 and β =
√

1−v2−w̃2

1−v2 [40]. Note that since at τ = 0, θ = 0 corresponds

to σ = ±∞ and θmax is described by σ = 0, so the range of σ is given by −∞ < σ < ∞.

The string configuration in θ and φ1 space is described by

∂θ

∂φ1
=

cos θ

v sin θ

√

(1 − w̃2) cos2 θ − v2. (4.6)

Note that the equator of S3 is located at θ = 0 and at this equator the above equation is

singular. When θ = 0 or θ = θmax,
∂θ
∂φ1

becomes ∞ or 0 respectively, which implies that

– 8 –
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the string shape of this solution described by θ and φ1 looks like that of giant magnon on

S2. The angle difference of this S2 magnon-like solution in the φ1 direction reads

∆φ1 = 2

∫ θmax

0
dθ

v sin θ

cos θ
√

(1 − w̃2) cos2 θ − v2
= 2θmax. (4.7)

Now, we consider the open string configuration in the AdS3 part. After some calcula-

tion, the equations for t and φ becomes

∂yh1 =
1

1 − v2

(

−v +
d1

cosh2 ρ

)

,

∂yh2 =
1

1 − v2

(

−v +
d2

sinh2 ρ

)

, (4.8)

where d1 and d2 are integration constants. The case having d2 = 0 has been studied in [40].

Here, we consider the different parameter region, d2 6= 0 which gives the different type of

the string solution. Using the relation d1 = v + w2d2, the Virasoro constraints are reduced

to a single equation

(∂yρ)2 =
w2

v
(1 − v∂yh2)∂yh2 sinh2 ρ − 1

v
(1 − v∂yh1)∂yh1 cosh2 ρ. (4.9)

Notice that the variation of this Virasoro constraint equation with respect to y gives the

equation of motion for ρ

∂2
yρ = −sinh ρ cosh ρ

(1 − v2)2

[

w2

(

1 − d2
2

sinh4 ρ

)

−
(

1 − d2
1

cosh4 ρ

)]

. (4.10)

Hence, to obtain ∂yρ it is sufficient to solve the above Virasoro constraint instead of the

equation of motion for ρ. The general form of ∂yρ is given by

∂yρ = ± A

(1 − v2) cosh ρ sinh ρ
, (4.11)

where

A=
√

(1−w2) sinh6 ρ+(1−v2−w2) sinh4 ρ+d2w2(2v−d2(1−w2)) sinh2 ρ−d2
2w

2. (4.12)

Actually, it is difficult to calculate the physical quantities like the energy and the angular

momentum using the above A, so we choose a special set of parameters like w2 = 1−v2 and

d2 = 2v
1−w2 = 2

v , which removes the second and the third term in A. Then, the eq. (4.12)

reduces to a simple form

A =

√

(1 − w2) sinh6 ρ − d2
2w

2 , (4.13)

which gives the minimum value of ρmin = arcsinh
(

d2

2
w2

1−w2

)1/6
= arcsinh

(

4(1−v2)
v4

)1/6
for

1−w2 > 0. Since ρmin goes to zero (infinity) as v → 1(0) respectively, we will consider the

range of v as 0 < v < 1.
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Using this reduced function A and eq. (4.8), the following differential equation

∂ρ

∂φ
=

A sinh ρ

cosh ρ(d2 − v sinh2 ρ)
, (4.14)

describes the shape of the string on the AdS part. As will be shown in the next sections,

this gives two kinds of the string solution: one is the circular string rotating at ρmin and

the other is the helical string extended from ρmin to ρmax = ∞ with the infinite winding

number and the infinite angular momentum S in the φ-direction.

4.1 Circular string on AdS

The simple solution of eq. (4.14) is given by the string located at ρ = ρmin where A is zero.

From eq. (4.8) at a fixed time τ = 0 where y = σ, the string configuration in φ-direction is

given by

φ =
1

1 − v2

(

(

2v

1 − v2

)1/3

− v

)

σ. (4.15)

Note that the coefficient of this relation is not zero except v = 0. Since the range of σ

is −∞ < σ < ∞, φ also has to cover the range, −∞ < φ < ∞. This implies that this

solution describes the circular string having the infinite windings. The conserved charges

of this string are given by

E =

√
λ

2π

∫

dy
cosh2 ρmin − d1v

1 − v2
=

√
λ

π

∫ θmax

0
dθ

cos θ(cosh2 ρmin − 2 + v2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

S =
w
√

λ

2π

∫

dy
sinh2 ρmin − d2v

(1 − v2)
=

w
√

λ

π

∫ θmax

0
dθ

cos θ(sinh2 ρmin − 2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

J1 =

√
λ

2π

∫

dy
cos2 θ − v2

(1 − v2)
=

√
λ

π

∫ θmax

0
dθ

cos θ(cos2 θ − v2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

J2 =
w̃
√

λ

2π

∫

dy
sin2 θ

(1 − v2)
=

w̃
√

λ

π

∫ θmax

0
dθ

cos θ sin θ
√

(1 − w̃2) cos2 θ − v2
. (4.16)

In the above integral equations, sin θ in the denominator gives rise to the logarithmic

divergence at θ = 0, so three charges, E, S and J1 have a logarithmic divergence where as

J2 is finite. Interestingly, these quantities satisfy the following relation

E − S

w
=

1 + v2

1 − v2

(

J1 +
J2

w̃

)

, (4.17)

which is the exact dispersion relation of the string on AdS3× S3 with two parameters, v

and w̃ and the finite charge, J2 is given by

J2 =

√
λ

π

w̃√
1 − w̃2

sin θmax. (4.18)

To investigate this solution more clearly, we consider the special parameter limit v = 0

and w̃ = 0, where ρmin → ∞ and θmax = π
2 . Here, w̃ = 0 implies that the string solution
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has to a point-like configuration in the φ2-direction because the angular momentum J2

and the angle difference ∆φ2 vanishes. Hence, in this parameter region, the string solution

reduces to that on AdS3×S2. The shape of this solution on S2 is described by the relation

between θ and σ

tan
θ

2
= eσ, (4.19)

which is obtained by calculating the integral of the last equation in eq. (4.4) at τ = 0.

Since θmax = π/2, the angle difference ∆φ1 becomes π from eq. (4.7), which gives the

shape of a giant magnon on S2 with the maximal φ1-angle difference π. As a result, this

solution describes a circular string rotating at ρmin with the infinite angular momentum S

and having the shape of the magnon on S2, whose dispersion relation becomes

E − S − J1 =

√
λ

π
. (4.20)

For the giant magnon on S2 [19, 8, 41] with the following dispersion relation

E − J1 =

√
λ

π
, (4.21)

this string has no angular momentum in the φ-direction and is located at ρ = 0. So the

circular string in the limit v = 0 and w̃ = 0, can be considered as an extension of the

giant magnon on S2 extended in the φ-direction with the infinite winding number and the

infinite angular momentum.

To describe the string solution on AdS3× S3, we should turn on the angular momentum

J2, which corresponds to considering the parameter region with w̃ 6= 0. In the case of w̃ 6= 0

and v = 0, the dispersion relation becomes

E − S − J1 =
J2

w̃

∣

∣

∣

∣

v=0

=

√
λ

π

1√
1 − w̃2

. (4.22)

For v 6= 0, the above dispersion relation can have some corrections ∆E

E − S − J1 =
J2

w̃
+ ∆E, (4.23)

where

∆E =
1 −

√
1 − v2

√
1 − v2

S +
2v2

1 − v2
J, (4.24)

and we set J = J1 + J2/w̃.

Note that all conserved charges defined in eq. (4.16) are functions of λ, v and w̃. Since

the dependence of λ can be removed by a simple rescaling, we can consider these charges

as functions of v and w̃ effectively. This implies that in principle two parameters, v and w̃

can be rewritten as functions of S and J = J1 +J2/w̃. In the limit v → 0 where ρmin → ∞,

S and J can be approximately rewritten as

S ≈
(

22/3

v4/3
+ O(v2/3)

)

∆,

J ≈
(

1 + O(v2)
)

∆, (4.25)
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where

∆ =

√
λ

π

∫ θmax

0
dθ

cos θ

sin θ
√

(1 − w̃2) cos2 θ − v2
. (4.26)

Then, we can approximately rewrite v in terms of S and J

v2 ≈ 2

(

J

S

)3/2

. (4.27)

So the dispersion relation becomes in this approximation

E =

√
λ

π

1√
1 − w̃2

sin θmax + S

[

1 +

(

J

S

)3/2
]

+ J

[

1 + 4

(

J

S

)3/2
]

+ O
(

J

S

)3

, (4.28)

which describes the circular string rotating at ρmin on the AdS and the magnon on S2 with

the finite angular momentum J2.

4.2 Helical string on AdS

When the string is extended in the radial direction of the AdS space, ρ becomes a function

of σ and A 6= 0. As shown in eq. (4.5), 0 < θ < π covers the full range of σ, −∞ < σ < ∞
but unlike θ the range of ρ, ρmin < ρ < ∞ does not cover the full region of σ. In the

asymptotic region, ρ → ∞, the solution of eq. (4.11) at τ = 0 is given by

σ − σn ∼ e−ρ, (4.29)

where σn is an integration constant. This implies that when ρ → ∞ σ should go to σn, so

ρmin < ρ < ∞ covers the finite range of σ only. As will be shown, this finite range of σ

corresponds to that of one AdS spike solution in which ρmin and ρmax corresponds to the

bottom of the valley between spikes and the cusp of the spike, respectively, See figure 1.

To cover all σ, we should include the infinitely many spikes, the helical string means an

array of infinite spikes on the AdS part.

The charges of the helical string are given by

E =

√
λ

π

∫ θmax

0
dθ

cos θ(cosh2 ρ − 2 + v2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

S =
w
√

λ

π

∫ θmax

0
dθ

cos θ(sinh2 ρ − 2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

J1 =

√
λ

π

∫ θmax

0
dθ

cos θ(cos2 θ − v2)

sin θ
√

(1 − w̃2) cos2 θ − v2
,

J2 =
w̃
√

λ

π

∫ θmax

0
dθ

cos θ sin θ
√

(1 − w̃2) cos2 θ − v2
, (4.30)

where ρ is a complicate function of θ given by

dρ

dθ
=

A

cosh ρ sinh ρ

cos θ

sin θ
√

(1 − w̃2) cos2 θ − v2
. (4.31)
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AdS boundary

bottom of 
the valley

cusp of the spike

Figure 1: One spike of the helical string where the inner and outer circles indicate ρmin and ρ = ∞,

respectively.

Note that since θ covers all range of σ, these quantities in eq. (4.30) including the effect of

the infinite AdS spikes corresponds to the charges of the helical string.

Before studying the dispersion relation of this helical string, we first concentrate on

the one AdS spike solution which is just one segment of the helical string. As previously

mentioned, the integral range of ρ covers only one spike, so it is useful to replace the integral

measure dθ in eq. (4.30) with dρ for investigating the dispersion relation of the one spike.

Using eq. (4.31), we can rewrite the energy and angular momentum of one AdS spike as

En =

√
λ

π

∫ ∞

ρmin

dρ
cosh ρ sinh ρ

(

cosh2 ρ − d1v
)

A
,

Sn =

√
λ

π

∫ ∞

ρmin

dρ
w cosh ρ sinh ρ

(

sinh2 ρ − d2v
)

A
, (4.32)

where the superscript n implies the n-th AdS spike. After performing the integral, the

exact results becomes

En =

√
λ

πv

(

sinh ρmax −
√

π sinh ρminΓ(5
6)

Γ(1
3)

−
√

πw2Γ(7
6 )

sinh ρmin Γ(2
3)

)

, (4.33)

and

Sn =
w
√

λ

πv

(

sinh ρmax −
√

π sinh ρminΓ(5
6)

Γ(1
3)

− 2
√

πΓ(7
6)

sinh ρmin Γ(2
3)

)

, (4.34)

where Γ implies the gamma function and ρmax = ∞. So these two quantities diverge. The

angle difference in φ-direction (∆φ ≡ −2
∫∞
ρmin

dρdφ
dρ , where we insert a minus sign for the
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convenience) is given by

∆φ = −2w

∫ ∞

ρmin

dρ
cosh ρ

(

d2 − v sinh2 ρ
)

sinh ρ A
,

= 2w

( √
π Γ(7

6)

sinh ρmin Γ(2
3)

− π

3v2 sinh3 ρmin

)

. (4.35)

The dispersion relation for one spike becomes

En − Sn

w
=

√
λ

π

1 + v2

v
√

1 − v2

(

∆φ

2
− π

6

)

. (4.36)

Interestingly, the charges of the helical string corresponding to the combination of the

infinite AdS spikes with infinite S in φ-direction and the magnon on S2 with the finite

angular momentum J2, also satisfies the same dispersion relation given in eq. (4.17). Using

eq. (4.18), the dispersion relation for the full range of σ on AdS3 × S3 can be rewritten as

E − S

w
− 1 + v2

1 − v2
J1 =

√
λ

π

1 + v2

1 − v2

1√
1 − w̃2

sin
p

2
, (4.37)

where we identify the angle difference ∆φ1(= 2θmax) corresponding to the size of the

magnon on S3 with the string world sheet momentum p. In the limit v = 0, since ρmin → ∞,

the size of one spike ∆φ becomes zero, so the helical string configuration with infinitely

many AdS spikes becomes a circular string studied in the previous section.

5. Discussion

We have studied, in this paper, new spike like solutions for strings moving on a sphere in a

magnetic field background and on AdS3× S3 geometry. First we have studied the solutions

for rigid string moving on a S2 with a constant background magnetic field. They can be

classified as slowly moving strings, which are potentially different from the fast rotating

strings. We have shown that this admits two limiting solutions of interest, the already

studied magnons and the single spike, which infinitely wrap around the equator. The

energy of the single spike solution has been shown to be modified due to the background

field. The second example is the rotating solution for string moving in the Melvin deformed

AdS3× S3. In this case it is rather difficult to obtain the exact expression for the energy

of the giant magnon. So we have taken the series expansion for charges in the small

deformation parameter and then have found the perturbative expression to the leading

order in the deformation parameter O(B).

In the last section, we have investigated an interesting solution for the string moving

on AdS3× S3 with three angular momenta, one on the AdS space and two on the sphere.

We have found two classes of solutions: the circular and the helical string solutions and

find the relation among various conserved charges in a particular parameter space. In

the special limit v = 0 and w̃ = 0, the sphere part of the circular string on AdS3 × S3

reduces to the giant magnon on S2, which is the half of the GKP folded string [41], with

– 14 –
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the infinite angular momentum S and the infinite winding numbers. Notice that circular

and helical string solution do not satisfy the dispersion relation E − S ∼ log S, as in the

case of GKP folded string. When w̃ 6= 0, the circular string becomes one containing the

finite angular momentum J2 in the φ2-direction. Moreover, the angular momentum J2 is

related to the string world sheet momentum p as shown in eq. (4.37). From the conserved

charges, we obtained the exact dispersion relation for the circular and helical string with two

parameters, v and w̃, which has been rewritten in terms of the angular momenta S and J .

For the helical string which is an array of the infinitely many spike solutions rotating

on the φ-direction, it also satisfies the exact dispersion relation given in the circular string

case. In additions, we also obtained the dispersion relation for one spike of the helical

string. Interestingly, the dispersion relation of the AdS spike is similar to that of the giant

magnon on the sphere in that it has the infinite energy E and infinite angular momentum

S but the difference of these, E−S is given by the finite angle difference in the φ-direction.

In this paper, we have restricted all the parameters to a special region to make the

calculation simple, so these solutions are not connected with the GKP string smoothly.

So it will be an interesting work to find more general solution connected with the GKP

string, which may shed light on obtaining deeper understanding for the GKP string and

the corresponding dual gauge theory.
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